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MATRIX CALCULATION OF CORRELATION
CHARACTERISTICS OF TIME CHARTS BASED
ON SPECTRAL METHODS

The paper is devoted to the problem of calculation of autocorrelation function that is important for solving the tasks that
require finding the repeating intervals of the signal or defining the main frequency of the signal against the background
of non-stationary noise. The authors propose an algorithm to transform the connection between arithmetic and logical
correlation functions in oriented basis into the matrix form. Comparative analysis is conducted for the computational
complexity of different types of autocorrelation functions using different spectral methods — Fourier, Walsh, and
oriented basis transform.
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A lot of research tasks contain the stage of finding
the repeating intervals of the signal or defining the
main frequency of the signal against the background of
non-stationary noise. To solve these tasks, the analysis
based on the autocorrelation function (ACF) calculation
is used [1—3].

Correlation analysis is included as necessary stage in
many tasks of signal processing, recognition and predic-
tion, as well as of studying transient and steady regimes in
electronic schemes. Triple logic could be used in different
applications, including third state control of electronic
components, three-position electronic devices, switches,
etc. That is why mathematical methods that are able to
operate with triple logics could be helpful and promising
in terms of computational speed and simplicity. These
methods could even be implemented in specialized digital
signal processors (DSP) and field-programmable gate
arrays (FPGA) in order to increase their effectiveness
and operation speed.

Moreover, the task of motor diagnostics in many cases
could come down to revealing the periodical components
against the background noise. In this case, it is neces-
sary to study the ACF — the presence of the highest
autocorrelation coefficient of t" order indicates that the
time dependence of the analyzed function contains cyclic
oscillation with the period 7.

Using the spectral transforms involves the following
procedure: 1) calculate the image (spectrum) function
from the dataset represented by N digits of the signal —
based on direct fast transform (Walsh or oriented basis
(OB) transform [4]); 2) calculate the ACF spectrum; 3)
apply the reverse fast transform from the ACF spectrum.
Thus, dyadic or m-ary ACF will be found. In order to
get arithmetic ACF, it is necessary to convert obtained
Walsh or OB spectrum into Fourier spectrum. In [5—7],

the connection was shown between the arithmetic and
logical correlation functions in matrix form for Walsh
and OB methods, respectively. However, there was no
generalized case for diagonal matrix.

The aim of this study is to increase the processing
speed of the control and analysis algorithms based on
integer processors by reducing the computational com-
plexity by finding an algorithm for transforming the
connection between arithmetic and logical correlation
functions in OB into the matrix form.

Calculation of ACF in matrix form

Logical autocorrelation function defined in OB takes
the following form:

P(0)=-5> 5, (1), 1)

p=1 t=0

(M

where xp(r) is one of the set of realizations of the random
process x(?);

N is the number of discrete digits in x(?);

@ is the operation of addition by module 3 [8].
3

Thus, logical ACF could be defined as the average of
N different m-ary ACF calculated in OB basis:
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Py (1) ==, (1), (z@r). P
N = 3
If the following equation is correct
%, (1) =x(t+p),
the logical ACF takes the following form:
N N-1
Px(r):%Zpr (t+p)x, [(t@r)—i—p]. 3)
N p=1 t=0 3
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Analogously to the Gibbs formula for Walsh method
[9], let us define the connection between the arithmetic
correlation function and the logical one for the OB
method:

P(t)=—> R ||[tD r) 0t
( ) N ; 3 )3
Let us transform the calculation into the matrix form:
P (o) =[] |R. (<) )
We propose the algorithm to transform the system (3)
defining the connection between arithmetic and logical
correlation functions in OB basis into the matrix form
(5). First, let us compose the matrix of the arguments of

the function ||R (7)||. If N =9, the matrix ||R (7)|| will be
as follows:

. “)

0000000O0O
117117117
28828828 8
333333333
IR(t) =4 4 1 4 41 44 1]
522522522
6 6 6666666
77 4774774
8§ 55855855

Each (7, j) element of the matrix ||4]| is defined as a
sum of the elements equal to j in i row of the matrix
IR(OIl G, j =0, ..., N-1). In our case, the matrix ||4]]
equals

N
I
S O O O O O o O v
S O O O W o O O
S O O O O O W o o
S O O O O v o o o
S W O O O O O O O
AN O O W o o o o O
S O O O O O o o O
S N O O O O O W o
w o O O O O o o O

The matrix ||4|| contains only one non-zero element in
0" row, i.e., (0, 0) =9, because the corresponding 0™ row
of the matrix [|R (7)|| contains 9 zeros. The first row of the
matrix ||A|| contains 2 non-zero elements: (1, 1) = 6 and
(1, 7) = 3, since the corresponding 1% row of the matrix
IR (7)|| contains six “1” and three “7”.

Let us represent the matrix ||4|| in the form of multi-
plication of diagonal matrix || D|| and transforming matrix
I71]. From the view of the matrix ||4|| it is evident that the

elements of the diagonal matrix ||D|| should correspond
to the following expression:

A Sp1+Sp—8(km)  A1-Sp—Ska—8(k.0)
dy =2 3 ,

(6)
where S, is the number of “1” in 3-ary representation of the
value £;

S, is the number of “2” in 3-ary representation of the
value k;

O(k, i) is the Kronecker delta function,

5(k.1) 1 for k=i
1) = 5
0 for k=i

k=0,1,2,..,N—-1.

Let us compose the diagonal matrix ||D|| with the ele-
ments from the main diagonal that meet condition (3), i.e.

[D]= |diag(dy,)-

Then one could write as follows:

[ = [IDII-{71],

where || 7]| is the transforming matrix with the dimension
NxN and “1” in the main diagonal. Then (4) in matrix
form will be as follows:

12l = [1D[-I7TI-[|R (oIl O

Let us find transforming matrices ||7]| for the partial
cases at the intervals N =3 and 9 and define the common
formulas for obtaining these matrices.

For N = 3, the equation (7) will be

B (o) =12l 17 | (=) =

300

=10 2 1||R(1))=

021
1 0 0

:%-00,667 0 |x

0 0 0333

10 0

X0 1 0,5][R(7)-

02 1

For N=9 it will be
90000000 0
06 0000030
003000006
000900000

P(t)=|l0 3 0 0 6 0 0 0 0f[r(z)-
006 003000
000000900
00003006 0
0000O0G6O0O0 3
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and the matrix ||R (7)|| will be defined as

10 00 0 00 0 0
02/300 0 00 0 0
0 0 1/30 0 0 0 0 0
00 0 1 0 00 0 0
Rx(r)||:é~o 0 0 02/3 00 0 0 |x
00 0 0 0 1/30 0 0
00 00 0 0 1 0 0
00 0 0 0 0 02/3 0
00 00 0 0 0 0 /3
10 00 0 00 0 0
0 1 00 0 00 1/20
00 10 0 00 0 2
00 01 0 00 0 0
x[01/7200 1 00 0 0
00 20 0 10 1 0
00 00 0 01 0 0
00 001/200 1 0
00 00 0 20 0 1

Similarly, it could be done for N = 27 and further.
Analysis of the transforming matrices ||7]| shows that
for all considered cases they have the same structure.
It gives the possibility to get the following recurrent
formula

|7 (o= 1)] 0 [E(e-1)
|7 (@)|=]0.5-|E(a—1)| ||’ (c—1) 0 |.®
0 2-|E(a—1)| [ («—1)

where ||T'(0—1)|| is the triangle matrix that is formed from
the corresponding matrix ||7(o—1)|| when
all elements of the main diagonal are re-
placed by “07;

||[E(o))|| is subsidiary matrix that is the component
of || T(a)]l;

a is the step of recurrent formula.

Elements of the matrix ||E(a—1)|| could be found from
the equation

0 0 £ (1)
|E(a)|=0.5-|E(a=1)] 057" (a—1) 0 | ©
0 et 21

First values of recurrent matrices are defined by
equations
7(0) = 1, E(0) =0.

For example, if a = 2, the matrices have the follow-
ing form:

ol o ) 1o o
rol=lose@] o] o |<o 1 o}
o 2z o)) oo

0 0 |£(0)
0] =[os £ ) osfro] o |-
o 2[e()] 2r'(o)
0 0 0
=0 0,5 0|;
0 0 2
00 O, 120
[r@)={o.5-[e@)] [r@] o |
o 2e@)] )

From the equation (4) arithmetic correlation function
could be found as

IR = T IDI 1P (D).

Comparative analysis

(10)

Let us compare the ACF computational complex-
ity using Fourier and Vilenkin — Krestenson functions
(VKF), as well as Walsh and direct and reverse OB trans-
forms (using fast algorithms). Estimation of the number
of non-trivial arithmetic operations during the calcula-
tion of the spectra of Fourier, Walsh, OB transforms for
the two variants [8] and VKF-Paley based transform is
described in [10—11].

The numbers of calculation operations is defined as
follows:

QFourier = k(4N 10g2 N + 4N)’ (1 1)
QVKF_k\N(m_I)[1+m_1]10gm N]; (12)
m
QWalsh = N10g2 N + Nn (13)
2

1
QOBdirec[ = n_ln [%1] + m(m - 1)‘; (14)
2
-3
QOBreVerse = mn_ln (m 4 ) +m(m72) > (15)

where QFourier’ QVKF’ QWalsh’ QOBdirect’ QOBreverse are
numbers of operations for Fourier, VKF-Paley, Walsh,

direct and reverse OB accordingly; & is the computational
complexity ratio while processing fractional numbers
compared to integers.

By “non-trivial operation” we mean the elimination
of the operations with zero matrix elements.
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In this case we also eliminate from the total number of
arithmetic operations the addition with zero, multiplica-
tion by “+1” or by “—1".

At m =3, we obtain

TN
QOBdirect = Tlog3 N (16)
Oop =2Nlogy N. a7

reverse

The calculation of ACF for the Walsh method requires
two transform procedures, for the Fourier method by
(3) — three procedures. Calculation of the m-ary ACF
for different modifications of the OB method needs 3
procedures in total.

ACF computational complexity for spectral methods
transforms at m = 3 is shown in the Table.

ACF computational complexity for fast spectral methods

Transform Amount of calculation operations
(spectral method) for arithmetic, dyadic or m-ary
ACF
Fourier 3k(27,96N log;N + 4N)
VKF-Paley 27,96N log,N + 4N
Walsh 2N log,N + 2N
OB (direct) 6,66N log,N
OB (reverse) 6,66N log,N

Coeflicient & in the equation for Fourier transform re-
flects the computational complexity ratio while calculat-
ing fractional numbers compared to integers. It depends
on the microprocessor/microcontroller realization. For
example, for the modern ARM processors with FPU like
STM32F407V, k can be taken as “1”, for integer proces-
sors like Atmel, & lies between 10 and 20, depending on
program realization and assigned processing exactness.
Fig. 1 shows the dependence of the computational com-
plexity on the interval N at k= 10.

Fig. 1 demonstrates that the computational complex-
ity of dyadic and m-ary ACFs is far lower than that of
the arithmetic one for Fourier transform. At N> 100, the
computational complexity for the dyadic ACF is 65 to 68
times lower for Walsh and 32 to 34 times lower for OB.

However, the exact calculation of ACF needs the
calculation of N dyadic or m-ary ones. Then for N > 67
(for Walsh) or N> 33 (for OB) this advantage disappears.

The computational complexity could be decreased
significantly by decreasing the number of dyadic (for
Walsh) or m-ary (for OB) ACFs that are included into
the logical ACF equation [8]. Such calculation will be
approximate. In order to estimate the minimum necessary
dyadic or m-ary ACFs, the modeling of quazi-stationery
processes were made. During this, the coefficient of
similarity of exact and approximate ACF was estimated.
It should be indicated that approximate functions could

10
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Fig. 1. ACF computational complexity for different
computational types on the interval N
(arithmetic — for Fourier transform;
dyadic — for Walsh, m-ary for OB transform, VKF-Paley)

be successfully used in order to investigate the functions
described above as well as for finding the repeating sec-
tors or estimating the carrier signal frequency under the
noises and oscillations of different frequencies. The lower
is the computational complexity, the faster are the control
and analysis algorithms based on integer processors.
This factor is very important in real-time data processing
systems, i.e., in the systems of power stations diagnostics
where decreasing the time of revealing the pre-emergency
state and decision-making are of particular essence [12].
It also has an undoubted advantage in signal transmitting
systems and in the tasks where it is necessary to reveal
the periodical sectors in time series [13—14].

Conclusions

Thus, the research allowed establishing the connec-
tion between arithmetic and logical correlation functions
for the oriented basis method and to propose an algorithm
for its transformation into the matrix form.

It is shown that computational complexity of the dy-
adic and m-ary autocorrelation functions is significantly
lower than that of the arithmetic ones (for Fourier trans-
form). At N > 100, the computational complexity of the
dyadic autocorrelation function is 65—68 times lower
(for the Walsh method) and 32—34 times lower (for the
OB transform).
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MATPWUYHI CITOCOBU OBUYMCJIEHH I KOPEJISLIIMHUX XAPAKTEPUCTHUK
YACOBUX PAAIB 3A 1OITOMOI'OIO CITEKTPAJIBHUX METO/IIB

Cmammio npucesueno npoonemi oduucients GyHKyii agmokopenayii, AKa € 6adCIUB0I0 NPU GUPIUIEeHHT 3A80aHb 3HAXOOJICEH-
H5l NOGMOPIOBAHUX THIMEPBANIG CUSHATY AOO GU3HAUEHHS OCHOBHOI YACMOMU CUSHALY HA MJi HecmayioHapHo20 wiymy. Memoro
0arnoi pobomu € 30inbUeHHs WBUOKOCTT ANeOpUMMI6 YNPAGIIHHA MA AHANIZY, AKI PeanizylombCs Yilo4UCeIbHUMU NPOYecopa-
MU, 30 PAXYHOK 3MEeHUIeHHs. MPYOOMICIKOCII npoyecy o04UUCIeHH .

3anpononosano ancopumm nepemeopenHs CUCMEMU PIGHAHb, WO GUSHAYAIOMb 36'S30K MidC apu@mMemuyHow i 102iYHOW0
KopensyiuHumu Qyukyismu 6 oasuci @yukyiti Ha ocHo8i opienmoganozo 6aszuca (OB), ¢ mampuuny popmy. I[opienano
mpyodomicmkicme obuucienns AK® 3a donomozoro nepemeopenv @yp’e, Yomua ma OB 01 060x éapianmie y 6unaoxy 3a-
CMOCY8AHHSL WBUOKUX AN20PUMMIS.

Tlokaszarno, wo mpyoomicmricms 3Haxo0xcents: diaonux AK® ma m-AK® 3uauno menwa 3a apugpmemuuni AK® (nepemeo-
penns @yp'e): npu N > 100 eona y 65—068 pasie menwia ona nepemeopennsn Yonuwa ma 'y 32—34 ona nepemeopenns Ob.

Toxaszano, wo mpyodomicmxicme obuucnennss AKD moocna cymmego smenuumu, AKWO 3MeHWUmMuy 4ucio Jiaduux (y 6unaoxy
Yonwa) abo m-AK®D (y eunaoky Ob), wjo éxoosme y eupas noziunoi AK®, ane make obuucnenns 6yoe npubnusnum. /s susna-
YeHHsE 00CMAMHBbO20 OISl 3a0AHOI MOYHOCI 3HAXOOHCEHHS MIHIMANbHO20 Yucaa OiadHux AK® (m-AK®D) nposedeno moodento-
BAHHS KBAZICMAYIOHAPHUX NPOYecis, Npu YboMy OYiH6ascs Koediyicnm nodionocmi mouroi i Habnudxcenux AKD. [{ns yinei
0ocniodceHHs PYHKYIl, AK-MO 3HAXOOICEHHS NOBMOPIOBAHUX OLIAHOK CUSHATY AO0 BUIHAYEHHS HEeCyHoi uacmomu CuesHany,
NPUXOBAHOT Uepe3 HaKIAOeHHs WM | KOTUBAHb HA THUMUX YACHOMAX, MONCHA 3ACMOCO8Y8amu i NPUOIU3HO 3HAUOEH] QyHKYL.
Menwa mpyodomicmricmes 00YMO6II0€ OLIbULY WBUOKOOIIO ACOPUMMIE OIACHOCMUKY HA OA3I YILOYUCTEHUX MIKPONPOYecopis.
Leti paxmop € eadciusum 0 maxux cucmem 06poOKU OAHUX Y PeanrbHOMY YACT K, HANPUKLAO0, CUcmemu OlacHOCTY8AHHS
eHep2emUYHUX YCMAHOBOK, 0e 3MEHUEHHSL YaCy 8UABNIEeHHA Nepedasapitino20 CMany ma nPUUHAMmMs piuleHHs Mae Ha036uyail-
HO 8AdICTUBE 3HAYCHHS.

Kmiouosi cnosa: cnexmpanvhi nepemeopenus, @ynkyis asmoxopensiyii, nepemgopennsi @yp'e, nepemeopenns Yomua,
CHeKmpanbHi nepemeopents 8 OPiCHMOBAHOMY O6A3UCI.
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MATPUYHBIE CITIOCOBbI BLIUMCIIEHM A KOPPEJIAITMOHHDBIX XAPAKTEPUCTHUK
BPEMEHHLIX PAJOB C ITIOMOIIBIO CITIEKTPAJIbBHBIX METO/JJOB

Cmamuws nocesuiena I’lp06]l€M€ BblYUCTICHUA (])ym(uuu asmoxoppeiiyuu, Komopas 6AaxcHa npu peulenuu 30044 HAXOHCOCHUS
nOBMOPAIOWUXCA UHmMepealoe cucHala uiu onpedeﬂenuﬂ OCHOBHOU 4ACMOMbl CUCHANA HA ¢0H€ HecmayuoHapHozo uyma.
ue/lbio oanHoU pa60mb1 AGJIAEMCs yeeiudyeHue CKopocmu aieopummoes ynpaejlerHusl U anaiusa, Komopole peaiu3yromcs yenio-
YUCTIEHHbIMU npoyeccopamu, 3a c4ent YMeHbULeHUs mpydoe/m(ocmu npoyecca 6blYUCIEHUAL.

Ipeonodicen aneopumm npeobpazosanust cucmemsl YypasHeHull, Onpedesiouux cesa3b Meicoy apudmemuyecko u 102uecKkoll
KOPPENAYUOHHIMU QYHKYUAMU 8 bazuce GyHKyull opuenmuposannozo basuca (OF), 6 mampuunyio popmy. Ilposedero cpas-
HeHue mpydoemkocmu sviuucienus AK® ¢ nomowwio npeobpazosanuii @ypwe, Yonua u 08yx eapuanmos OF 6 ciyuae npume-
Henus bvicmpulx aneopummos. Iloxazano, umo mpyodoemxkocmy Haxodcoenusn ouaonvix AKD u m-AK® 3uauumenvro menvue,
uem apugpmemuueckux AKD (npeobpazosanue @ypwve): npu N > 100 ona 6 65—68 pas menvute 0as npeobpazosanus Yonua u
6 32—34 paza ona npeobpasosanus OB.

Tpyooemxocmo gvryucieHuss AK® MOKHCHO CyuyecmeeHHO YMeHbUUMb, eclu YMeHbuumy 4ucio ouaonvix AK® (e ciyuae
Yonwa) unu m-AK® (& cryuae OB), 6xo0sauux 6 gvipascenue nocudeckoi AK®, oonaxko makoe eviuucienue 6yoem npudiu-
3umenvHuiM. [ onpeoenenus 00CmamoyHo2o 015 3a0aHHOU MOYHOCIMU 8bIYUCTIEHUS MUHUMATLHO20 Yucia ouaonvix AKD
(m-AK®) nposedeno modenuposanie K8a3uCmMAayuOHAPHLIX NPOYECCO8, NPU SMOM OYECHUBAILCS KOIPPUYUEHM CXOOCMB8A MOY-
noti u npubnudicennvix AK®. C yenvio uccnedosanus makux GyHKyuil, Kak HAxodcoeHue HoSMopPAIOWUXCSL YIACMKO8 CUSHAAA
unu onpeoenenus Hecyujell Yacmomol CUSHAAA, CKPLIMOU 30 HALOJICEHUeM WYMA U KONeOaHull Ha Opy2ux 4acmomax, MON’CHO
NPUMEHAMb U NPUOIUZUMENTbHO HallOeHHble yurkyuu. Menvuas mpyodoemkocms 00ycrosiusaem oonvuee bvicmpooeiicmeaue
aneopummo8 OUACHOCMUKU Ha 6a3e YeloYUCIeHHbIX MUKPONPOYECCopos. Dmom Gaxmop eaxiceH 6 cucmemax 00pabomru 0au-
HBIX 8 pedicume peanbHo20 BPeMenU, MAKUX KaK, Hanpumep, CUcmemvl OUAZHOCIUKY IHeP2eMUYeCKUx YCmMaHo8ok, 20e YyMeHb-
wieHue epemMenuU 6blA8NeHUs. NPedagapulino20 COCMOSHUSL U RPUHAMUS PEULeHUsl UMeen 02POMHOe 3HAYeHUe.

Kntouesvle crosa: cnexmpanvHvie npeobpazoeanus, QyHKyus agmoxoppenayuu, npeoopazoeanus Pypve, npeobpazosanus
Yomwa, cnexmpanvnvie npeobpazosanus 6 opuenmupogannom basuce.
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